Abstract. We compute the Coulomb branch of a multiloop quiver gauge theory for the quiver with a single vertex, r loops, one-dimensional framing, and dim V " 2. We identify it with a Slodowy slice in the nilpotent cone of the symplectic Lie algebra of rank r. Hence it possesses a symplectic resolution with 2r fixed points with respect to a Hamiltonian torus action. We also idenfity its flavor deformation with a base change of the full Slodowy slice.
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Coulomb branch and Slodowy slice
2.1. Notations and the main result. We consider the representation space N of the quiver with a single vertex, r loops, V " C 2 , and the framing W " C 1 . In other words, the gauge group G " GLpV q " GLp2q, and N " glpV q 'r ' V . We denote the corresponding Coulomb branch [BFNa] by M C pr, 2, 1q. It is an affine conical 4-dimensional Poisson variety equipped with a Hamiltonian action of SLp2q, to be defined below.
We also consider a nilpotent element e P spp2rq of Jordan type p2r´2, 1, 1q. Its adjoint orbit has codimension 4 in the nilpotent cone N spp2rq (see e.g. [KP] ). We denote the corresponding Slodowy slice [Sl] in N spp2rq by Sp2r´2, 1, 1q. It is an affine conical 4-dimensional Poisson variety. Since the centralizer of e in Spp2rq contains a subgroup SLp2q, the slice Sp2r´2, 1, 1q is equipped with a Hamiltonian action of SLp2q. The proof is given in Section 2.4 after a neccesary preparation.
Equations for the Coulomb branch.
We use the notations of [BFNb, Appendix A] , especially [BFNb, A(iii) , (A.7)]. Thus we have rationalétale coordinates u 1 , u 2 , w 1 , w 2 on M C pr, 2, 1q, and the regular functions E 1 r1s " pw 1´w2 q r´1 pu 1´p´1 q r u 2 q, E 1 rws " pw 1´w2 q r´1 pw 1 u 1´p´1 q r w 2 u 2 q, E 2 r1s " u 1 u 2 , F 1 r1s " pw 1´w2 q r´1 pw 1 u´1 1´p´1 q r w 2 u´1 2 q, F 1 rws " pw 1´w2 q r´1 pw 2 1 u´1 1´p´1 q r w 2 2 u´1 2 q, F 2 r1s " w 1 w 2 u´1 1 u´1 2 . These functions along with regular functions w 1`w2 , w 1 w 2 generate the Coulomb branch ring, see [We, Proposition 3.1] or the argument in the proof of [FT, Theorem 4.29] . In fact, these 8 generators are redundant since w 1 w 2 " E 2 r1sF 2 r1s, E 1 rws " pw 1`w2 qE 1 r1s´p´1q r E 2 r1sF 1 r1s, F 1 rws " pw 1`w2 qF 1 r1s´p´1q r F 2 r1sE 1 r1s.
Thus we have 5 generators
x 1 :" E 1 r1s, x 2 :" p´1q r E 2 r1s, y 1 :" F 1 r1s, y 2 :" p´1q r F 2 r1s, w :" w 1`w2 .
Lemma 2.1. We have
The verification of the relation (2.1) is straightforward. It remains to check that the resulting surjective homomorphism from the RHS to the LHS is injective. If there were some additional relations, they would imply dim M C pr, 2, 1q ď 3 which is nonsense.
This finishes the proof, but is also instructive to compare the Hilbert series of the LHS and RHS in the natural grading where deg
The Hilbert series of the RHS clearly is
To compute the Hilbert series of the LHS we use the monopole formula [BFNa, 2(iii) ]. The dominant coweights of GLp2q are the pairs of integers λ " pn 1 ě n 2 q. In notations of [BFNa, 2( iii)] we have P G pt; λq " p1´t 2 q´2 if n 1 ą n 2 and P G pt; λq " p1´t 2 q´1p1´t 4 q´1 if n :" n 1 " n 2 . The multiset of weights χ of N " glp2q 'r ' V is tp1, 0qu Y tp0, 1qu Y r¨tp1,´1q, p´1, 1qu Y 2r¨tp0, 0qu, and for χ " pk 1 , k 2 q and λ " pn 1 ě n 2 q we have xχ, λy " n 1 k 1`n2 k 2 . Hence the Hilbert series of the LHS is
The second sum splits into two summands according to n ě 0 and n ă 0 equal to 1 p1´t 2 q 2 p1´t 4 q and t 2 p1´t 2 q 2 p1´t 4 q respectively. The first sum splits into three summands according to n 1 ą n 2 ě 0, 0 ě n 1 ą n 2 and n 1 ą 0 ą n 2 equal to
Remark 2.2. The grading used in the proof of Lemma 2.1 gives rise to the following contracting Cˆ-action on M C pr, 2, 1q:
2. This equation appears for r " 2, 3 in [CHK] for the Slodowy slice Sp2r´2, 1, 1q Ă N spp2rq .
We define the action of SLp2q on M C pr, 2, 1q as follows: for S P SLp2q we set
Clearly, this action preserves the equation (2.2). 
(right above the main diagonal we have p1, 2, . . . , 2r´4, 2r´3, 0, 0q) is of Jordan type p2r´2, 1, 1q. Taking
(right below the main diagonal of f we have p2r´3, 2r´4, . . . , 2, 1, 0, 0q, and at the main diagonal of h we have p2r´3, 2r´5, . . . , 5´2r, 3´2r, 0, 0q) we see that te, f, hu is an sl 2 -triple in spp2rq, where spp2rq is the Lie algebra formed by all the matrices preserving the skew-symmetric bilinear form with the matrix
(where the coefficients in front of`2 r´3 r´2˘´1 and`2 r´3 r´1˘´1 are p´1q r´1 and p´1q r respectively). The centralizer Z spp2rq f is the set of matrices A 1 in spp2rq such that
To get the equations of the Slodowy slice Sp2r´2, 1, 1q we need to intersect Sp2r´2, 1, 1q with the nilpotent cone N spp2rq , that is to impose the relations that the traces of all the powers of A P Sp2r´2, 1, 1q are zero. Computing tr A 2 , tr A 4 ,¨¨¨, tr A 2r´2 gives recursively b i " α i pw 2´4 x 2 y 2 q i , i " 1, 2, . . . , r´1 for some nonzero constants α i . So we have 5 generators px 1 , y 1 , x 2 , y 2 , wq and to get the only relation we calculate the determinant of A. Consider the general formula for the determinant det A " ř σ p´1q σ a 1,σp1q¨¨¨a2r,σp2rq (where a i,j are the matrix elements of A) and note that for a permutation σ such that t2r´1, 2ru is not invariant under σ to define a nonzero term in the sum one needs to have σpiq " i`1 for 1 ď i ď 2r´3. It follows that
where (2.5) B "¨0
is the matrix formed by the first 2r´2 rows and 2r´2 columns of A.
To compute the determinant of B denote w 2´4 x 2 y 2 by D and note that B is of the form
for nonzero β i,j determined by α i . Then it is easy to show (e.g. by using the row formula repeatedly) that
So we have det A " px 2 1 y 2`x2 y 2 1`w x 1 y 1 q´pw 2´4 x 2 y 2 q r " 0.
Comparing this equation with (2.1) we have constructed the desired isomorphism Φ of Theorem 1. It remains to check that Φ respects the natural Poisson structures.
Remark 2.4. We can avoid the last step of the above calculation, up to a multiplicative scalar. From invariant theory there is a unique (up to a constant) invariant function of B that is a homogeneous polynomial of fixed degree n.
Since both det B and ptr B 2 q r´1 are invariant, they must be proportional. But tr B 2 " tr A 2´t rˆw´2 x 2 2y 2´w˙2 " 2pw 2´4 x 2 y 2 q.
Poisson structures.
The generic symplectic form on M C pr, 2, 1q in the rationalétale coordinates u 1 , u 2 , w 1 , w 2 of Section 2.2 is du1 u1^d w 1`d u2 u2^d w 2 . In the new variables v 1 :" w 1 u´1 1 , v 2 :" w 2 u´1 2 , we can rewrite this as
Recall that we have
So we can calculate (2.7) tx 2 , y 2 u " w, tw, x 2 u "´2x 2 , tw, y 2 u " 2y 2 , ty 2 , x 1 u " y 1 , ty 2 , y 1 u " 0 " tx 2 , x 1 u, tx 2 , y 1 u "´x 1 , tw, x 1 u "´x 1 , tw, y 1 u " y 1 ,
and tx 1 , y 1 u is determined via the Jacobi identity. In particular, e " p´1q r ?´1 x 2 , f " p´1q r ?´1 y 2 , h "´w form the standard sl 2 -basis of the vector space Cx 2 ' Cy 2 ' Cw of degree 2 generators of CrM C pr, 2, 1qs. The vector space Cx 1 ' Cy 1 of degree 2r´1 generators of CrM C pr, 2, 1qs forms an irreducible 2-dimensional sl 2 -module. So the Poisson action of sl 2 integrates to a Hamiltonian action of SLp2q.
A straightforward verification shows that the formulas (2.7) hold true for the Poisson structure on the Slodowy slice Sp2r´2, 1, 1q, so that the isomorphism Φ respects the Poisson structures. And the above Hamiltonian action of SLp2q is nothing but the action of SLp2q Ă Z Spp2rq peq. Theorem 1 is proved. l 3. Concluding remarks 3.1. Flavor symmetry. We turn on the flavor symmetry T F " pCˆq r acting on N " glpV q 'r ' V via pc 1 , . . . , c r q¨pξ 1 , . . . , ξ r , vq " pc 1 ξ 1 , . . . , c r ξ r , vq.
We denote the generators of H
‚ TF pptq by z 1 , . . . , z r , so that H TF pptq " Crz 1 , . . . , z r s. We denote Spec H ‚ TF pptq " Lie T F by h " Cz 1 ' . . . ' Cz r . We denote by M C pr, 2, 1q the corresponding flavor deformation of M C pr, 2, 1q over h.
We identify the diagonal Cartan Lie subalgebra of spp2rq with h as follows:
pz 1 , . . . , z r q Þ Ñ diagpz 1 , . . . , z r´1 ,´z r´1 , . . . ,´z 1 , z r ,´z r q.
The Weyl group W -S r ≀ t˘1u of spp2rq Ą h acts naturally on h, and h{ {W -spp2rq{ {Ad Spp2rq . Recall the full Slodowy slice Sp2r´2, 1, 1q " e`Z spp2rq f Ă spp2rq, see (2.3). It projects to spp2rq{ {Ad Spp2rq , and we define Sp2r´2, 1, 1q :" hˆh {W Sp2r´2, 1, 1q.
Proposition 3.1. The isomorphism Φ : M C pr, 2, 1q
1q of Theorem 1 extends to an isomorphism of the deformations over h:
Φ : M C pr, 2, 1q
Proof. As in Section 2.2, using the notations of [BFNb, (A. 7)], we have the following regular functions on M C pr, 2, 1q expressed in terms of the rationalétale coordinates u 1 , u 2 , w 1 , w 2 :
pw 2´w1´zi q,
x 2 " p´1q r u 1 u 2 , y 2 " p´1q r w 1 w 2 u´1 1 u´1 2 , w " w 1`w2 .
Since CrM C pr, 2, 1qs " CrM C pr, 2, 1qs{pz 1 , . . . , z r q is generated by x 1 , x 2 , y 1 , y 2 , w, we conclude by the graded Nakayama Lemma that CrM C pr, 2, 1qs is generated by x 1 , x 2 , y 1 , y 2 , w, z 1 , . . . , z r . There must be exactly one relation, and one can check that (3.1) CrM C pr, 2, 1qs " Crx 1 , x 2 , y 1 , y 2 , w, z 1 , . . . , z r s{`x 2 1 y 2`x2 y
where σ n is the n-th elementary symmetric polynomial in z 1 , . . . , z r (in particular, σ 0 " 1, and σ k " 0 for k ą r). Note that for any k, all the powers of z i 's in ř m`n"2k p´1q mn σ m σ n are even. Now recall the matrix B introduced in (2.5) and the equality (2.4). We assume that the spectrum of the matrix A of (2.3) is t˘z 1 , . . . ,˘z r u, i.e. if A is semisimple, then it is conjugate to diagpz 1 , . . . , z r´1 ,´z r´1 , . . . ,´z 1 , z r ,´z r q. Hence (2.4) is equivalent to
Similarly to (2.6), one can check
Comparing (3.2) and (3.3) with (3.1) we deduce the proposition.
3.2. Increasing dim V . Let us now replace V " C 2 by V 1 " C 3 and consider the corresponding Coulomb branch M C pr, 3, 1q, a 6-dimensional affine conical Poisson variety. In view of Theorem 1 and judging by transversal singularities, it is tempting to hope that M C pr, 3, 1q might be isomorphic to the Slodowy slice Sp2r´4, 2, 2q Ă N spp2rq for r ě 3. We will show that this expectation is false by comparing the Hilbert series of M C pr, 3, 1q and Sp2r´4, 2, 2q already in the case r " 3.
The Hilbert series of M C pr, 3, 1q is computed by the monopole formula just as in the proof of Lemma 2.1. The dominant coweights of GLp3q are the triples of integers λ " pn 1 ě n 2 ě n 3 q. We have P G pt; λq " p1´t 2 q´3 if n 1 ą n 2 ą n 3 ; P G pt; λq " p1´t 2 q´2p1´t 4 q´1 if n 1 " n 2 ą n 3 or n 1 ą n 2 " n 3 , and P G pt; λq " p1´t 2 q´1p1´t 4 q´1p1´t 6 q´1 if n :" n 1 " n 2 " n 3 . The multiset of weights χ of N " glp3q ´1, 0q, p´1, 1, 0q, p1, 0,´1q, p´1, 0, 1q, p0, 1,´1q , p0,´1, 1qu Y 3r¨tp0, 0, 0qu. For χ " pk 1 , k 2 , k 3 q and λ " pn 1 ě n 2 ě n 3 q we have xχ, λy " n 1 k 1`n2 k 2`n3 k 3 . Hence
Now ř nPZ t 3|n| splits into two summands according to n ě 0 and n ă 0 equal to 1 1´t 3 and t 3 1´t 3 respectively. Furthermore, ř n1ąn3PZ t p4r´4qpn1´n3q`|n1|`2|n3| splits into 3 summands according to n 1 ą n 3 ě 0, 0 ě n 1 ą n 3 and n 1 ą 0 ą n 3 equal to splits into 3 summands according to n 1 ą n 3 ě 0, 0 ě n 1 ą n 3 and n 1 ą 0 ą n 3 equal to p1´t 4r´3 qp1´t 4r´2 q respectively. Finally, ř n1ąn2ąn3PZ t p4r´4qpn1´n3q`|n1|`|n2|`|n3| splits into 5 summands according to n 1 ą n 2 ą n 3 ě 0, 0 ě n 1 ą n 2 ą n 3 , n 1 ą n 2 ą 0 ą n 3 , n 1 ą 0 ą n 2 ą n 3 and n 1 ą pn 2 " 0q ą n 3 equal to H 1 ptq " p1´t 4r qp1`t 4r´2`2 t 4r´1`t4r`t8r´2 q p1´t 2 qp1´t 3 q 2 p1´t 4 qp1´t 4r´3 q 2 p1´t 4r´2 q .
We conclude that M C pr, 3, 1q is not a complete intersection. This is well known for the Jordan quiver with r " 1, when we have M C p1, 3, 1q » Sym 3 pA 2 q (see e.g. [BFNb, Proposition 3.24] ). On the other hand, the Hilbert series of the Slodowy slices Sp2r´4, 2, 2q were computed in [CHK, Tables 18, 19] for r " 3, 4. The answers are p1´t 8 qp1´t 12 q p1´t 2 q 3 p1´t 4 q 5 , p1´t 12 qp1´t 16 q p1´t 2 qp1´t 4 q 5 p1´t 6 q 2 respectively.
One can similarly show that the Coulomb branch M C pr, 2, mq for m ą 1 is not a complete intersection.
